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Abstract 

The quasi-Lindelof property was first introduced by Arhangelski in [Arc79) . as a strengthening 
of the weakly Lindelof property. However, unlike Lindelof and weakly Lindelof spaces, very little is 
known about how quasi-Lindelof spaces behave under the main topological operations, and how the 
property relates to separation axioms. In the present paper, we look at several properties of quasi- 
Lindelof spaces. We consider several examples: a weakly Lindelof space which is not quasi-Lindelof, 
a product of Lindelof spaces which is not even quasi-Lindelof, and a quasi-Lindelof space which is 
not ccc. At the end, we pose some open questions. 

0.1 Note. All spaces are assumed Hausdorff. 

1 Introduction 

It is well known that any product of compact spaces is compact, and that the product of even two Lindelof 
spaces need not be Lindelof |Eng89| . Various generalisations of Lindelof spaces have been considered 
throughout years and attempts to compare their behaviour under basic topological operations with the 
behaviour of Lindelof spaces have been made. One such generalisation - the notion of a weakly Lindelof 
space - was introduced by Z. Frolik |Fro59j . 

1.1 Definition. A topological space X is called weakly Lindelof if for any open cover 14 of X, one can 
find a countable subfamily W CU such that X = [JW. 

Unfortunately, unlike compactness and Lindclofncss, that property is not inherited by closed sub- 
spaces. Thus A. Arhangelski jArc79| considered a stronger property: 

1.2 Definition. A topological space X is called quasi-Lindelof if for any closed subset C C X and 
any family U of open in X sets which cover C, a countable subfamily U' C U can be found such that 

C cLUT'. 

In fact, Arhangelski defined a more general invariant - the quasi-Lindelof number qL(A') of a given 
topological space X: 

1.3 Definition. qL{X) = w.minjr : V closed C C X,\/U C with C C IJZ//, 3 a countable 
W CU such that C C \JU'}. 

He used this to generalise a theorem of Bell, Ginsburgh and Woods |BGW78] for obtaining an upper 
bound of the cardinality of a topological space. 

It follows directly from the definition that any Lindelof space is quasi-Lindelof and any quasi-Lindelof 
space is weakly Lindelof. The uncountable discrete subspace has neither of the above properties. We use 
the following proposition to give a non-trivial example of a quasi-Lindelof space which is not Lindelof. 

1.4 Proposition. Every separable topological space X is quasi-Lindelof. 

Proof. Indeed, let C C AT be closed and let U he a. family of open subsets with C C [JU. Take a 
countable dense subset A C X and let Ai = A Ci {[jU) = {ai, . . . , a„, . . .}. For every n choose Un G U 
such that a„ S U„. Consider V = [jU \ Ai and note that V is open and V Ci A = (ll. Hence, V must be 
the empty set. Therefore, [jU C Ai. Furthermore, Ai C UngN U^- S^t = ^-i^^' 

moreover, C C\JU — IJneN Therefore, C is weakly Lindelof, as required. □ 
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Using this proposition, we can give the following two examples of quasi-Lindelof spaces which are not 
Lindelof: 

1.5 Example. The Sorgenfrey plane § x S is not Lindelof, but is separable and hence quasi-Lindclof. 

1.6 Example. The Niemytzki plane L is separable, hence quasi-Lindelof, but not Lindelof. 

The quasi-Lindelof and weakly Lindelof properties coincide in the case of normal spaces (see jStall) 
for the proof). We use ideas from Mysior ( |Mys81| ) and modify a construction from [SZlOj in order to 
obtain the following example: 

1.7 Example. There exists a weakly Lindelof space X which is not quasi-Lindelof (and not even Lin- 
delof). 

Construction. Let A = {(cq, —1) : a < oji} be an wi-long sequence in the set {(x, —1) : x ^ 0} C M^. 
Let Y = {{aa,n) : a < wi, n e w}. Let a = (-1, -1). Finally let X ^ Y U AU {a}. 
We topologize X as follows: 

- all points in Y arc isolated; 

- for a < LOi the basic neighborhoods of {aa, —1) will be of the form 

Un{o-a, —1) = {(oq, ^1)} U {(flo,, m) : m ^ n} for nGu! 

- the basic neighborhoods of a = ( — 1, —1) are of the form 

Ua{o) ~ {a} U {(a^, ri) : /3 > a, n G w} for a < wi. 

Let us point out that A is closed and discrete in this topology. Indeed, for any point x £ X there is a 
basic neighborhood U{x) such that Ar\U (x) contains at most one point and also that X\A = {a} U Y 
is open (because Ua{a) C FU {a}. Hence X contains an uncontable closed discrete subset and therefore 
it cannot be Lindelof. 

Note that for any open U 3 a the set X \ U is at most countable. Indeed, for any a < u)i, 
Ua{a) = Ua{a) U {{ap, —1) : /? > a}. Hence X \ Ua{a) is at most countable. 

It is easily seen that X is Hausdorff. Without much effort, it can also be proven that X is Urysohn. 

Let us now prove that X is weakly Lindelof. Let U be an open cover of X. Then there exists a 
U{a) € U such that a £ U{a). We can find a basic neighborhood Ui3{a) C U{a). Then Up{a) C U{a) and 
hence X \U{a) will also be at most countable. Hence X \ U{a) can be covered by (at most) countably 
many elements of say U* . Set W = C/* U {U{a)}. Then, X C Uc/ew^ ^ Uu&A^ ■ Therefore, X is 
weakly Lindelof. 

Now, let us prove that X is not quasi-Lindelof. Consider the 1-neighborhood of a: Ui{a) = {a} U 
{(a^, n) : (3 > l,n G w}. We have that C = X\Ui{a) is closed. We show the uncountable family of basic 
open sets U = {Uo{aa, —1) : a < wi} forms an open cover of C which has no countable subcover with 
dense union. Note that the sets Uo{aa, —1) are closed and open. Indeed, X\Uo{aa, —1) = {J{Uo{ai3, —1) : 
/? 7^ a} U Ua+i{a). Hence, if we remove even one of the Uo{aa, ~1), the point (oq, —1) would remain 
uncovered. Therefore, X is not quasi-Lindelof. 

Lindelofness is equivalent to requiring that every cover of basic open sets has a countable subcover. 
We have a similar result here: 

1.8 Proposition. Let X be a topological space. The following are equivalent: 

1. X is quasi-Lindelof. 

2. Let B be a fixed base for X . Then for any closed subset C C X and any cover U of C with U C B 
there is a countable subfamily lA' ofU such that C C [JW . 
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Proof. The forward direction is trivial. 

For the converse, let C C X be closed and let U he a family of open subsets of X covering C, i.e. 
C C[JU. Let B be any base for the topology of X. For every U €U there is a family Vjj C B such that 
U = [_} Vjj- Then C C IJ W = Uc/et/(U '^u)- Since X is base quasi-Lindelof, then there exists a countable 

V = {K : n e N} C U (U V„) = [ju 

ueu 

such that C C U V". As above, choose a countable W CU such that IJ V C U^'- Then C C [jW and 
hence X is quasi-Lindelof. □ 

Note that this is independent of choice of basis, since if Bi and B2 are two bases then the respective 
(2)-conditions are both equivalent to (1), and hence also equivalent to each other. 
The following Theorem is proved in [Stall] : 

1.9 Theorem. If X satisfies the countable chain condition (i.e. is ccc), then X is quasi-Lindelof 

This shows that the ccc property implies the quasi-Lindelof property, which in turn implies that the 
space is wcakly-Lindelof. 

The converse, however, does not hold, as the following example shows. 

1.10 Example ( |SS96| ). The lexicographic square is quasi-Lindelof (in fact, it is compact), but not ccc. 

As we pointed out in the beginning, products of compact spaces is compact, and a product of two 
Lindelof spaces might not be Lindelof. Such products might not even be weakly Lindelof, as the following 
example from |HJ75j shows: 

1.11 Example. There is a topological space X that is not weakly Lindelof (and hence not quasi-Lindelof) 
that is a product of two Lindelof spaces. 

Hence neither the weakly Lindelof nor the quasi-Lindelof property is productive, i.e. both spaces 
have the same behaviour with respect to products as the Lindelof property. For weakly Lindelof spaces, 
we have the following result: 

1.12 Proposition. If X is weakly Lindelof and Y is compact, then X x Y is weakly Lindelof. 

A proof of this can be found in [Stallj . It is natural to ask whether this can be extended to quasi- 
Lindelof spaces, namely: 

Open Question. Is the product of a quasi-Lindelof space X and a compact space Y quasi-Lindelof? 

This question is interesting even in the partical case: 
Open Question. Is the product of the unit interval [0, 1] with a quasi-Lindelof space, quasi-Lindelof? 

The following proposition is a very special case of the first question: 

1.13 Proposition. If A = {0, 1, 2, . . . , n} is a finite discrete set and Y is a quasi-Lindelof space, then 
the product A x Y is quasi-Lindelof 

This can be proved by induction; the key step it to prove this for a two-point discrete set: 

1.14 Lemma. If X is quasi-Lindelof and Y = {0, 1}, then X x Y is quasi-Lindelof. 

Proof. Let C C X x Y he closed and U he an open cover of C. Consider Cq = {x ^ X : {x,Q) G C} 
and Ci ^ {x E X : (x, 1) G C}. Then both Co and Ci are closed in X since C is closed. Moreover, 
C C (Co X {0}) U (Ci X {1}). SetUo = {U eU: U n (Co x {0}) ^ 0}. Clearly, Uo is an open cover of 
Co X {0}. Since Co is closed and X is quasi-Lindelof we find a countable subfamily, say W , of Uq such 
that Co X {0} C\JW (here the identification of Co and Co x {0} is obvious). Likewise, we deal with Ci 
and find a countable subfamily, say U*, olU such that Ci C IJ W*. Then U = U' UU* is as required, i.e. 

C C\J^. □ 

Acknowledgements. The author is indebted to the referee for their thorough reading of the paper, 
and for their very helpful remarks. 

In the initially submitted version of the paper, the unit interval [0,1] was mistyped as {0,1} in the 
second open question. It was thus pointed out by the referee that that Lemma 11.141 holds. Here, we 
provide their proof, which they generously offered. 



3 



References 

[Arc79] A. Archangclskii. A theorem on cardinality. Russ. Math. Surv., 34(153), 1979. 

[BGW78] M. Bell, J. Ginsburg, and G. Woods. Cardinal inequalities for topological spaces involving the 
weak Lindelof number. Pacific Journal of Mathematics, 79(1), 1978. 

[Eng89] Ryszard Engclking. General Topology. Heldermann, revised and completed edition, 1989. 

[Fro59] Z. Frolik. Generalizations of compact and Lindelof spaces. Czech. Math. J., 9, 1959. 



[HJ75] A. Hajnal and I. Juhasz. On the products of weakly Lindelof spaces. Proceedings of the 
American Mathematical Society, 48(2), 1975. 

[Mys81] A. Mysior. A regular space which is not completely regular. Proceedings of the American 
Mathematical Society, 81(4), 1981. 

[SS96] Lynn A. Steen and J. Arthur Seebach. Counterexamples in Topology. Dover Publications Inc., 
new edition, 1996. 

[Stall] Petra Staynova. A Comparison of Lindelof- type Covering Properties of Topological Spaces. 
Rose-Hulman Undergraduate Journal of Mathematics, 2011. 

[SZlO] Y. Song and Y. Zhang. Some remakrs on almost Lindelof spaces and weakly Lindelof spaces. 
Matematicheskii Vestnik, 62, 2010. 



Petra Staynova 
Pembroke College 
Oxford University 
Oxford, 0X1 IDW 
United Kingdom 



e-mail: [petra . staynovalpmb . ox . ac . uk| 



4 



